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LOOP-ERASED RANDOM WALK ON A TORUS IN DIMENSIONS 4 AND 
rn'' ABOVE 

O 

o 

cs| ■ itai benjamini and gady kozma 

^ 1. Introduction 

. A well known phenomenon in probabilistic constructions in W'^ or Z"* is that 

usually some critical dimension d exists, above which the geometry of K'^ ceases 
to play any significant role, and the process behaves like a similar non-geometric 
object, such as a tree, a complete graph, etc. Usually, this also corresponds to 
"mean field behavior", a term meaning that for the random variables of interest 
1^ ' one has EX" w (EX)". At the critical dimension itself, mean field behavior is also 

. expected, but when compared to the non-geometric object one gets a logarithmic 

correction. 

Many results confirming this general philosophy exist. See IHS90I for results 
about percolation, |HS92| for results about the self-avoiding walk, IDS98I for re- 
sults about lattice trees, and [595 1 for a general survey. In particular, the problem 
' of loop-erased random walk on Z"^ is well studied. 

. Loop-erased random walk is a process that starts from a random walk on some 

' graph and then removes all loops in chronological order, or in other words, when- 

. ever the random walk hits the partial path, the loop just created is erased and the 

' process continues. The result is a random simple path. Originally IL80I suggested 

. as a model for the self-avoiding walk (a random walk conditioned not to hit it- 

self), better understanding of its structure has situated it as an important object in 
combinatorics and mathematical physics. See ISOOl for a survey, and the comple- 
J2 ' mentary |LSW1. For a survey with a different focus, see |L99|. Note also the recent 

LBKPSI — the uniform spanning tree is an object closely related to loop-erased 
random walk, but the structure of its phase transitions in various dimensions is 
richer. For other recent results of interest, see fBLPSOT K LPS]. 
' It is well known that the critical dimension of loop-erased random walk on Z"^' is 

^ . 4, since above this dimension a random walk does not intersect itself enough and 

the process of loop-erasure is local and uninteresting. See rL96' chapter 7]. Further, 
loop-erased walk is one of the few models where the logarithmic correction is 
known precisely, with a correction of log^^^'^ loop-erased random walk on Z"' is 
similar to the regular random walk on Z^, see IL95I . 

With so much known, it seems strange that a small change in settings could 
provoke significant difficulties. To understand why, let us examine the question 
we are interested in precisely. Let T be a discrete torus, Z'^/ {NZ)''' for some large 
N. Let b and e be two points on a torus, and let i? be a random walk starting from 
b and stopped on e. We wish to say something about the loop-erasure of R. The 
results for Z"^ all use the fact that the random walk does not intersect itself enough. 
However, in our settings the random walk does a very long walk — of the order 
of N'^ — in a relatively small space, and intersects itself over and over again. Thus 
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it is definitely not true that the random walk and its loop erasure are similar! The 
random walk is essentially a random set that covers a large portion of the torus. 
Its loop-erasure is much thinner — as we will see, the expected size is 

The geometry-less model we have in mind is the complete graph. There are a 
number of ways this model can be analyzed, but our favorite is using the notion 
of the Laplacian random walk. A Laplacian random walk from b to e, two points 
on an arbitrary graph G, is constructed inductively by solving, at each step, the 
discrete Dirichlet problem 

/(e) = l, /|^=0, A/|G\(7U{e})=0 (1) 

where 7 is the partially constructed path and A is the discrete Laplacian. The walk 
then continues to the next point using / as weights. This model was suggested in 
|LEP86 I and was shown to be equivalent to loop-erased random walk in | L87). The 
case of the complete graph is very easy to analyze, since if the partially constructed 
curve 7 has length i then 

{0 e 7 

1 v = e 
otherwise 

and then the probability of the walk to terminate in the next step is . This gives 
a closed formula 

p(#LE(i?)=fc)=^ni-^ . 

1=1 

In particular, we see that the correct scaling is ViV and that # LE(i?)/-\//V con- 
verges to a limiting distribution with density ie^* Unfortunately, we do not 
know how to analyze more interesting graphs using the Laplacian random walk, 
nor can we show the existence of a limiting distribution for # LE(i?) on, say, the 
torus. 

Thus we have a good basis to claim that mean field behavior in our case should 
be \/[t[ ~ N'^/'^. For d < 4 this does not happen — indeed known results for 
d = 1 (trivial) and d = 2 ( IKOOal lKOObl, see also |LSWj ) and computer simulations 
for d = 3 \ GB90 1 show that even a single branch of the loop-erased walk is too 
big^. We shall show that mean field behavior does occur for c? > 4. In the critical 
dimension itself, we can only show an upper bound, and we do not calculate the 
precise logarithmic correction (we do have some good evidence for a conjecture 
on the precise logarithmic correction needed — log^^^ N — see page ll2^ . Namely, 
our results are 

Theorem 1. Ifd > 4 then a loop-erased random walk L on the {N, d)-torus starting from 
a point b and stopped when hitting a point e has the estimate 

P(#L > ATV^/^) < Ce-^^ . 

Ifd = 4 then 

P(#L > XN^+') < Ce-"^ Ve > 0. 
Where the constants C and c may depend on d and on e. 

^We believe that the growth exponents in d = 2, 3 are the same on Z'* and T^, but this is beyond 
the scope of this paper. 
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Theorem 2. Let d> 5. Let bbea point in T = Tfj and let ebea random, uniform point 
in T. Let Rbe a random walk on T starting from b and stopped at e. Let A > N^^^'^. 
Then 

P(#LE(i?) < XN"^/^) < CXlogX-^ 

Returning to the cases of d < 3, we see that the reason for non-mean-field be- 
havior is strong local intersections and these increase the size of the loop-erased 
walk. Therefore we are tempted to conjecture 

Conjecture. Let G be a vertex transitive finite graph, and let b and e be two random 
points in G. Let Rbe a random walk starting from b and stopped when hitting e. Then 

E#LE(i?) > cV]g[ 

A graph G is vertex transitive when, for every two vertices v and w there exists 
a graph automorphism of G carrying v to w. The requirement that G is vertex 
transitive is supported by the standard "extreme non-transitive" example of a tree 
of size N , where the loop-erased random walk between b and e is of course the 
only path between 6 and e and its length is bounded by C log N. 

We wish to end this introduction with one last conjecture. Returning to the 
analysis of the complete graph using the Laplacian random walk, we note that 
this analysis does not change by much if one considers a-power Laplacian random 
walk, which is a walk one gets if one takes as weights for any step the function /" 
where / is defined by Q) — this generalization was also discussed in | LEP86 1 . For 
the complete graph we get that the size of a typical path is Afi/(i+"). We ask: is 
this behavior replicated in a d-dimensional torus for d > d"''? 

Conjecture. For a < I, d"^* — '^^^^"K i.e. for any d > ^^"^^"^ the typical path of a 
a-weighted Laplacian random walk on a d-dimensional torus is of size iV''/(^+"^ while for 
smaller d's this does not hold. 

We have no good conjecture on the value of the critical dimension for a > 1, 
though it does seem (again, we have no proof of that) that for a = oo (which corre- 
sponds to a non-probabilistic process which simply proceeds to the point where / 
attains its maximum) the process gives a straight line from 6 to e in all dimensions, 
so one might say the critical dimension is 1. 

We wish to thank Chris Hoffman, Dan Romik and Oded Schramm for useful 
discussions. 

1.1. About the proof. The basic question behind the solution is "what is the prob- 
ability of a random walk of length L will hit a loop-erased walk of length L?" (in 
dimension 4 we need to differentiate between these two lengths, but only by a 
sub-pol5momial factor). When the probability is larger then some constant c > 0, 
then this is the L we seek, as this means that the probability of a loop-erased ran- 
dom walk to go further than XL is exponentially small in A. Since a loop-erased 
walk is a complicated object, let us first ask "what is the probability of a random 
walk of length L will hit some set il of size L7" This probability is largest when 57 
is rather spread out. Take as an example il to be a random collection of points on 
the torus. It is easy to calculate the expected number of intersections of a random 
walk with and the second moment and to derive from both the estimate that the 
probability is ~ L'^N^'^ so this gives that the L we look for is < CN'^/'^. When the 
set is rather dense — for example, for a ball — a similar calculation will give that 
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L < CN'^^^^^. The difference between Q dense and sparse manifests itself in the 
calculation of the second moment — see l|ll^ - J12^ below. 

However, ft is not a general set but a loop-erased random walk. The arguments 
we sketched above can be done locally, and we'd get that in every ball of radius 
r, the loop-erased random walk is not much larger than y'^/^+i Effectively, this 
means that the set is spread out. We take this estimate and plug it directly into the 
calculation of the second moment and get a much better estimate for the intersec- 
tion probability. Thus the proof is recursive, getting better estimates at each step. 
For d > 4 two or at most three steps are necessary to get the true estimate, N'^/'^. 
This argument is done in lemma 

1.2. Reading recommendations. Section|2|is probably the one deserving most at- 
tention. While the main ideas are sketched above, the devil is in the details and 
the interested reader might want to read through the proof and do the "exercise" 
— not so designated explicitly — of simplifying the proof with a cost of \/Tog in 
the final result. Section|3]is technical and most readers would probably agree that 
the conclusion (theorem |3) is not surprising. The proof of lemma [S] is the core — 
as for lemma m you might opt to read its statement but skip its proof. And again, 
verify that the claim is trivial if one is willing to lose a factor of log (the argument 
is contained in the first half -page of the proof of lemma Section |3| contains the 
proof of theorem |2] and is quite short. While there are alternative, more compli- 
cated approaches that might prove a little more we have not included them. There 
are some comments and hints at the end of section|4| — we hope they make at least 
some sense. We have collected some well known and unsurprising facts we use 
(and their proofs) in the appendix. We hope this makes the paper more accessible 
to non-experts and students. Lemmas with numbers like "A. 7" are to be foimd in 
the appendix. 

1.3. Standard notations. In the sequel we denote by C and c positive constants 
which may depend on the dimension but on nothing else. C will usually per- 
tain to constants which are "large enough" and c to constants which are "small 
enough". The notation x w y is a short hand for cx < y < Cx. In dimension 4 
we shall prove only imprecise estimates, namely that the length of the loop-erased 
walk is < Af^+'^. All constants C and c may depend on this e as well. Similarly, 
all constants implicit in notations such as O and w might depend on d and e. Oc- 
casionally we shall number constants for clarity. When we write log x we always 
mean maxjloga:, 1} and logO = 1. 

The {N, (i)-torus, denoted by is the set /{Nl^Y endowed with the graph 
structure derived from 1/^ and the distance derived from the I2 norm on U^. The 
distance of v and w will be denoted by |ti — while distance of sets will be de- 
noted by c?(-, •). A ball of radius r and center v in either or Tfj will be denoted 
by B{v, r) and its inner boundary (namely, all points in B with an edge leading 
outside of B) by dB{v, r). 

2. The upper bound 

We will need to examine the effect of adding a section to a path and how it 
might increase the length of its loop-erasure. We shall always assume that the 
section we add starts at 0, so that we are looking at a path 7 : {— m, . . . , n} — > T 
and define, in addition to the usual loop-erasure of 7, which we will denote by 
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LE(7), the continued loop-erasure, which we shall denote by LE+(7). Here are 
both definitions: 

Definition. For a finite path 7 : {— m, . . . , n} ^ T in a graph T we define its loop 
erasure, LE(7), which is a simple path in T, by the consecutive removal of loops 
from 7. Formally, 

LE(7)o := 7(-"^) 
LE(7)i+i := 7(jj + 1) ji := max{i : ^{j) = LE{j)i} . 

Naturally, this is defined for all i such that ji < n. The continued loop-erasiire is a 
subset of LE(7) defined by 

LE+(7), := LE(7),+, / := min{z : > 0} 

The notations LE(7[j4, B]) and LE"'"(7[^, B]) stand for the loop-erasure and con- 
tinued loop-erasure of the segment of 7 going from A to B. When we write —00 in 
place of A we just mean the beginning of the path, nothing more. 

Definition. Let d > 4 be the dimension and let N eN. Let i? be a path in T = 
such that the negative part is fixed and the positive part is a random walk on T. Let 
b = i?(0). Let V G T and < r < ^N, and assume for simplicity that b ^ B{v, 2r). 
Let ti be stopping times defined by to = and then inductively 

t2i+i := mm{t > t2i : R{t) £ dB{v,2r)} (2) 
t2^ := mm{t > tji-i : R{t) S dB{v,4r)} . 

Let / : M ^ R be an increasing function. Then we say that the (d-dimensional) 
random walk has the /-property if one has 

V{#{LE+{R[-cx,,U])nB{v,r)) > Xf{r) \ R[t2j,t2j+i]yj) < Ce"^^ (3) 

which should hold for every such v and r, every A > 0, every i e N and any path 
we put in the negative portion of R. 

The conditioning here, in words, is on any arbitrary set of paths between t2j 
and t2j+i, and in particular on the points themselves. Notice that we do not 
condition on the value of the U's. 

Let us remark that for the proof of the upper bound it is enough to consider the 
case where R has no negative part, and then LE^ = LE. 

Lemma 1. Let d> 4. Then 

(1) If the d-dimensional random walk satisfies the r" log^ r-property for r" log'' r > 
^<i-2 iog~^ r then it also satisfies the r"/^+^ log^^~^^^^^ r-property. 

(2) If the d-dimensional random walk satisfies the r**"^ log~^ r-property then it also 
satisfies the r'^/^ Vlog log r-property. 

(3) // it satisfies the r" \og^ -property for r" log'' r <C r**"^ log~^ r then it satisfies 
the r'^/'^ -property. 

Case 2 is not really necessary for the proof of the theorem, we include it here 
mainly for completeness. 

Proof. Denote the function given to us (e.g. r" log'' r) by /(r) and the result (e.g. 
j,q/2+i \Qgifi+^)/'^ ^) by g{r). Let ti be the stopping times from the definition of the 
/-property. The main part of the lemma wiU consider the events in R\ti, for 
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some particular odd z. Therefore let us fix i > 0. Denote := #(LE+(i?[0, ii])n 
B{v, r)). Clearly L2i+i,v,r < L2i.v,r so if we prove the lemma for all i odd it will 
also hold for i even. To fix notations, we consider the time span [—00, t^] as the 
"past" and is the "present". 

We start by examining the past. Let w £ r) and s < ^r. The first step is to 
show that J3 holds if we replace the ball but keep the stopping times, i.e 

P(#(LE+(i?[0,t,])nB(u;,s)) > A/(s)|i?[t2j,<2,+i]Vi) <Ce-^^ . (4) 

We generalize the notation ij,„,r to Li^w^s ■= #(LE+(i?[0, t;]) n B{w,s)), that is, 
again, the loop-erased random walk inside a smaller ball measured at the stopping 
times pertaining to the larger ball. 

Here our conditioning by everything outside the ball is crucial. Let Kj e N be 
some arbitrary numbers, and let jj.k be paths (1 < k < Kj) in B{v, 4r) \ B{w, 2s) 
such that 7ju is a path going from R{t2j-i) G dB{v, 2r) to dB{w, 2s), jj^k for 1 < 
k < Kj is a path from dB{w, As) to dB{w, 2s) and 'jj^Kj is a path from dB{w, 4s) 
to R{t2j) e dB{v,'ir). If Kj ^ 1 then let 7^,1 be a path from i?(t2j-i) to i?(i2j). 
Then we can sum over all such combinations of K and 7 as follows. Denote by 
X the event Lj „,.s > A/(s). Let Yk^j be the event that for all j, the random walk 
on [t2j-i, t2j] follows 7j_i until dB{w, 2s), then stays within B{w, 4s), then follows 
7j,2 etc. until finally exiting from B{v, 4r). Then 

F{X I R[t2j,t2j+i ]Vj) = ^P(X I i?[t2„ i2,+i]Vj n Yk^^) ■ nYKn I i?[t2„ i2,+i]Vj) 

< Ce~^^ ^(^^'7 I R[t2j , <2,+i]Vj) = Ce~^^ . (5) 

Of course, we used the /-property for w, s and the index X^j^Ti^^^^ ^^j'/ and the fact 
thatB(u),4s) C B{v,2r). 

The inequality ^ is not useful as it should be since most balls of radius s (for 
s ^ r) are empty anyway. However, another consequence of the conditioning 
is the fact that ^ is independent from the event LE"'"(i?[— 00, ti]) n B{w, 4s) = 0. 
The reason is that Li u,.4s = if and only if the segment inside B{w,4:s) is cut 
"from the root", i.e. for some ui < 1*2 < • • • < U2n, n G {1,2,...} we must have 
R[u2i-i,U2i] n B{'w, 4s) = and R{u2i) = R{u2i+i)- Whether this happens in the 
positive or negative part of R is immaterial — in both cases this is an event that 
happens outside B{w, 4s) therefore it is an event we condition on. We get 

nL^,^u,s > \fis)\R[t2j,t2j+i]yj) < Ce-">(L,,,„,4. | i? [isj , i2j+l]Vj) . (6) 

Let 7 = 7i be the (chronologically) first G elements of LE+(i?[— cx), ti]) n B{v, r) 
where G is some number. If LE~''(i?[— 00, ti\) n B[v, r) contains less than G ele- 
ments, take 7 = LE^(i?[— 00, i^]) n B{v, r). ^ and {6) allow us to get a "second- 
order estimate for 7". By this we mean the quantity 

Vs ■■= ,W2 <E J : \wi - W2\ < s} 

which has the estimate 

P(#7 > , and Vs > X log(s/5)/(s)#7) < Ce-'^ (7) 

for any parameters A > and < (5 < 1. 

Before starting the proof of let us just remark that the first condition and 
the variable 5 are unfortunate technicalities. The "essentials" of Q are really the 
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stronger claim P{Vs > A(log s)/(s)#7) < Ce^^^, but we don't know how to prove 
it. Also note that it is rather easy to show P(T4 > A(logr)/(s)#7) < Ce^'^'^, saving 
us all the mucking with 5 later on, but this inequality will cost us a \/logr in the 
final result of theorem^] 

Proof of Cover B{v,r) by balls {Bj} of radius 2s such that any two points of 
distance < s are inside at least one Bj, and such that each point is covered < C 
times. Examine one Bj = B{wj,2s). We have (not writing the "| R[t2j, i2j+i]Vj" 
for brevity) 

m 

EL,,,,, > c^P(L,,„^.,8s > 0) > ce^^^P(i.,™,,2. > A/(s)) VA. 

Denote by the total volume of the balls Bj where Li^wj.2s > fJ^fis) and get 
EXf, < Ce-'^^'s'^ELi^^^r- This gives, using P(X^ > e'^^EXx) < 6^'='^, 

V{X^ > Cs'^e-^'^EL^^y^r) < e-'''' V/i 
and shoving in #7 in a way that might look, for now, a little artificial, we get 

P(#7 > SELi^^^r and > Cs''S-^e-''''#-f) < e""^ V/i. 

Taking /ife = A log(s /S) + Ck and assuming that A > C for some C sufficiently large 
(as we may, without loss of generality), we get 

P(#7 > SELi^^^r and for some k, X^^ > £-'=#7) < Ce-"^ . (8) 

Now, since < J^j Ml ^B.j)- L,^^^,2s, then 

OQ 

K < #7(Alog(s/<5) + C)f{s) + ^X^,(Alog(s/(5) + Ck)f{s). 

fc=i 

If it happens that X^^ < c~'^#7 for all k i.e. the opposite of the second half of the 
event in JHJ, then 

00 

Vs < Alog(s/<5)/(,s)#7 + ^(c-'=#7)/(s)(Alog(s/5) + CA;) 

k=l 

<CAlog(s/(5)/(s)#7 

and we get Q. This argument works for any s < j^r but (0 holds for larger s too 
(there's not much point in s > 2r of course) — we only have to pay in the constant 
C. □ 

We want JT} to hold not for one particular s but for all s and the simplest version 
of such an inequality is 

P(#7 > and 3s s.t. V, > X\og^ {s/S)f{s)#-f) < Ce""^^ (9) 

which follows from using with A^ := A \og{s/S) and summing over s. 

Continuing the proof of the lemma, it is now time to examine the present. We 
keep the notations of G, 7 and Vs. For an odd i we want to estimate the probability 

p^■.= p{R[u,u+l]n-f^(^l) . 
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Lemma lA.51 allows us to consider a unconditioned random walk starting from 
R{ti) and stopped on dB{v, 4r) instead of R. Denote it by R'. Denote by Xi the 
number of intersections of R' with 7, so pi ~ P{Xi > 0). We have 

ti+i 

E{X, I past) = ^i^'i*) = w I past) . 

t—ti w^-y 

For <t-U < 2r2 we have for half of the w E B{v, r) that P{{R'{t) = w} D {t < 
^i+i}) > cr^^ ("half of the w's" means that we need t — tt + \\w — i?(<i)||i to be 
even, otherwise the probability is zero). Therefore 

E(X, I past) > cr2-'i#7 . (10) 

Next estimate E{Xf \ past). Assume until further notice that Vs < Xlog^ (s/S) ■ 
f{s)i^'-f for some 5 and A and for all s. Then 

E(x2|past)- nR'iU)^Wi)< (11) 

ti,t2,Wi,W2 
00 00 

= wi,R{t + A) = W2, 
k\fK < \wi - W2I < (fc + 1)\/A^ 

Examine one couple of wi,W2 G 7 with fc\/A < \wi — W2\- Remembering the 
independence of the past from the present we can estimate the probability of one 
summand with a standard estimate on the end point of a random walk of length 
A starting from wi . We get 

F{R{t) = wi,R{t + A) = W2) < Cr-'^A-''/2e-feV2 

We sum over all t. Since, easily, P(<j+i - > A) < Ce"''^/''^ and since E(ii+i - 
U I tj+i - > A) < C* max{r2, A} we get 

^P(i?(t) = + A) = W2) < Ce-"^/'''max{r2,A}r-'^A-'^/2g-feV2 

t 

Plugging this into ill} we get 

00 00 

E{Xf I past) <CY,J2 ^}^"'^"'^'^"''^'nfc+i)yA (12) 

A=0 fc=0 

For all our functions / (that is, all the specific fxmctions we named in the statement 
of the lemma) we have 

E^"''/'^(.+i)VA < A#7E^"*'"'^'/'/(fc^) V(fc^/A/5) < 

k=0 k=l 

<C7A#7/(\/A)log2(A/5) . 
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Similarly, for all our functions / we have 

oo 

J2 e-^^/''" max{r2, AjA-''^^ f{y/A) \og^{A/S) < (13) 



A=0 



<Cr2 5] A-'^/V(v^)log'(A/<5) 

A=0 

Ill2> and | |13> give 

E(X2 I past) < CXr'-^#^ ^ A-'^/VIVA) log^(A/<5) 



A=0 



and then with JTO} and the standard inequality F{X > 0) > {EX)'^/EX'^ we get 



FiXi > I past) > c ^ 5 . (14) 

^ AEA-'^/2/(^/A)log2(A/<5) 

This inequality is the heart of the proof. We recall that we assumed Vg < X- 
log2(s/^)/(s)#7 to get it. 

Fix G — fj.g{r) where /i > 1 is some variable which we will fix later and where g 
is as defined in the beginning of the lemma. Let H = 2 \_gir)r~'^\ where [-J is the 
integer value. Let Xi — Xi{fj,) be the event that #7^ = G, let X2 — X2{X, S, ^i) be 
the event that V"s < A log^ {s/6)f{s)G for all s ( A and 6 are two additional variables) 
and let X3 = X^i^) be the event that R[tj+i - 1^] n 7 = for all odd i < j < i + H. 
The events comprising X^ are (conditioning on the R{tj)) independent, therefore 
we may use IT^ times to get 

I x,nx2)<(i- c . , ] < 1 



\ AEA=iA-'^/V(VA)log2(A/5); Alog2<5-i 

(15) 

To see the rightmost inequality in | |15> , for each of the cases in the formulation 
of the lemma, apply the corresponding / and g and estimate the sum. Indeed, 
| |15> is the inequality that governs the connection between / and g. Note that the 
formulation of the lemma is a little lax: if /(r) — r" log^ r with a > d — 2 then we 
can actually prove the lemma with g = r"/^ log'^^^^^^^ i.e. one v^Togr factor better 
than the formulation of the lemma. This additional ^/logr factor is here only for 
the case a = d — 2 and /? < — 3. Have no fear — this factor will disappear in the 
conclusion of theorem^] 

The proof of the lemma will now follow by induction over i. We use a "jumping 
induction" that assumes that for some k and K we have the inequality F{Li^v^r > 
vg{r)) < Ke~^'^ for all > and then proves the same for Li^H,v,r (the case i = 
needs no explanation). Therefore we need first to calculate how much ^, ^ can 
change in between. Clearly, if i?,([tj, <j+i]) does not intersect LE([i?[0, tj\) then 

These variables have the simple estimate 

F{tj+i - tj > i/r^) < Ce""'' (16) 
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irrespectively of R{tj+i) and R{tj) for all j odd. Denote by Ai the sum of of 
those, and get a similar estimate (see lemma lA.9t : 



i+H 



P{A, > vg(r)) < Ce-^^" A, ^ - . (17) 

3=i 
j odd 

Next we make the following important assumption: 

G > (5EL,,„ Vi. (18) 

Actually, we want it to be true independently of the value of /i, so we really need 
g{r) > (5ELi .1, This holds for 5 sufficiently small, but it is inconvenient to fix the 
value of 5 at this point, as it depends on some constants (depending on d only) 
which are determined only later. Therefore we shall perform the necessary calcu- 
lations with 5 a variable and finally fix its value as some constant when we have 
all the information at hand, see <20t . With a value of 5 satisfying \2Q\ , or smaller, 
118} will hold. 

It is time to compare Li^^^r with Li+n.v.r- Li+H,v,r might be larger than 1^5(7') for 
the simple reason that Ai is very large. Let t < vhe yet another variable describing 
what "very large" means and we may estimate this phenomenon simply by 

V 

P({L.,„,. >{v-n- l)g(r)} n {A, > ng(r))) . 

n—r 

"Simply" because we ignore any effect of intersections. If, however, Ai is not as 
large we need both to be rather large, and Xj,, i.e. to have no intersections 
with a path of length G — iig{r) during the last H "moves". We need to assume 
^1 + T < V for this to make sense, and this assumption holds until <19> below and 
we will not repeat it. All in all we get 

V{L,+H.v,r > Mr)) < ri{L^.v.r > (i^ ~ T)g{r)} n ^3) + 

+ F{{L,^^,r >{iy~n~ 1)<7W} n {A, > ng(r)}) Vi, ly, t, fi 

n—T 

(the parameter /i hides in the definition of X^). For the first summand we have by 
HJ/ <18> , il5l and the induction hypothesis that 

n{U^v,r > {ly ~ T)g{r)} n X3) < 

< P({L,,„,, >{iy- T)g{r)} \ X2) + P({£^,„,. >{iy- T)g{r)} n X3 n X2) 

-4- K^-^i^-^) ( 1 

Alog^ 5-1 



< Ce-"i^ + Xe-*--^'^-"' ( 1 - ^ ) V^, v, r, A, m, 5 



Ce 



-ci A 



and estimating the other summands using \17\ we get 

nU+H,.,r > Mr)) < Xe-'=(^--) (^1 - J^^^) 

+ Y Ke-^^"--^-^'^ ■ Ce-=^" Vz, r, A, /i, (5. (19) 

n—r 

Having arrived at this closed formula, we only need to pick our variables carefully. 
First pick t = [Clog(5~^J for some C sufficiently large. This will give, if /c < C2/2, 
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that 



-ClogiJ-i 



n—T 

Next we pick A = Cv and n = ^v, and the requirement /i + r < ^ translates to 
V > Clog (5^^. We get from everything that 

F{L,+H,v,r > yg{r)) < Xe-'=" (^e^ciog5-i _ + CS^ + c^e-^"^) 

Pick /c = clog~^ S^^ and get, for S sufficiently small and v > Clog (5^^ that 

P(i,+H.,,, > Mr)) < Ke-""" (l - I 

V log 

Pick i^T sufficiently large so that the inequality P(Lj.„ ,, > vg[r)) < ife^'"' will hold 
trivially for < Clog (5^^ — notice that because k — clog^'' S^^ we have that K 
does not depend on S — and our induction is complete. With these k and K, the 
inequality P(Li.„ > vg{r)) < Ke^^'^ is preserved from i to i + H and since it 
clearly holds for i < H then it holds for all i. 

Is this the end of the lemma? Almost. We still need to justify the assump- 
tion ||18J. The estimate P(Lj,„,r > vgir)) < Ker^" gives Ei,;,^,,^ < .9(r)-| < 
Cg{r)\o^ 5^^ . Therefore (remember that G > g{r)) the assumption reduces to 
the inequality 

g{T)> g{r)-{C8\og^5-^) . (20) 
Taking 5 sufficiently small this will hold, and the lemma is proved. □ 



Lemma 2. The d-dimensional random walk has the f -property for 

\d/2 ^ > 4 



/'^«^-r2+e , . ■ (21) 



Proof. Trivially, the d-dimensional random walk has the r'' -property. Therefore we 
may apply lemma ^ twice for d > Q, thrice for d = 6 or 5 and loge^^ times for 
d = 4. □ 

Proof of theorem^ Lemma|2gives 

nL^,v,r > A/(r)) < Ce-'^ 

where Li^y^r = #(LE(i?[0, i^]) n B{v,r)) for any v and r satisfying b ^ B{v,2r), 
where / is defined by i2H . Note that at this point we do not need the formulation 
in terms of continued process, and we may set the negative part of R to empty. If 
in addition e ^ B{v,4:r) then the event that R is stopped between tj and is 
external to the ball, therefore we get that J21> holds for /. Since the section of the 
walk from tj until the time when R hits e can only decrease LE(i?) n B{v,r) we 
get 

P{#{LnB{v,r)) > A/(r)) < Ce""^ 

However, we can cover our torus by balls B{vij, N2^^) with the property b,e ^ 
B{vij,AN2^^) and with the number of j's corresponding to each i bounded by a 
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constant. Therefore for some constant C3 sufficiently small we have 

P(#L > Xf{N)) < P{3t,j s.tLnB{v,,,,r) > c^XT/^fir)) (22) 

clog N 

Remark. The same techniques can be improved to show that 

P(#L > Xf{N)) < Ce~"^' 

where / is given by i2Tl . The basic phenomenon behind this estimate is that to get 
a path of length Xf{N), we need to have that each of the A sections of the random 
walk, which are essentially independent, would not intersect any other. Since 
there are cA^ couples, the true estimate of the probability is square-exponential, as 
above. The analysis required to get this estimate is not inherently more difficult 
than that of the exponential estimate, but is more technical and we decided to 
represent the simpler exponential estimate. 

On the other hand, we are not aware of a simpler version of the proof that gives 
an estimate of the decay of the probability worse than exponential. This follows 
from the recursive character of the proof. Thus, lemma may be simplified by 
removing the requirement that the probability decays exponentially, but it then 
cannot be used recursively to get a reasonable final result. Similarly, the very 
strong independence condition in lemmas that the probability estimate inside 
every ball is independent of everything that happens outside the ball, cannot be 
relaxed without destroying the ability of the lemma to be used recursively. 

We wish to reiterate that the only major simplification we are aware of of this 
proof is the one discussed after (page|6). It saves the discussion after j^, i.e. the 
one leading to Js}, as well as each and every appearance of the parameter S. The 
cost is an added \/\og factor in the formulation of the theorem. 

Conjecture. The accurate upper bound in dimension 4 is 

The method above may be refined in many points and an estimate of the type 
N'^ log" N may be achieved for rather small a's. However, a fimdamental diffi- 
culty is the fact that the sum in the denominator of 1141 truly depends on N, which 
means that the second moment methods used here alone cannot give a precise 
result. 

3. Absolute times 

The proof of the lower bound is, as will be seen in section IH quite simple once 
a good estimate of the upper bound is available. Actually, one might think about 
the recursive nature of the proof of the upper bound in the following terms: "the 
proof of the upper bound was only possible once a good estimate of the upper 
bound was available". 

Unfortimately, we were not able to get a reasonable proof of the lower bound 
using only lemmaQ] The problem is that we need to know what happens at abso- 
lute times, i.e. to fix some t and get an estimate for LE(i?[0, t]). Calculations true 
for ti do not hold automatically for a fixed t. Apriori, one cannot rule out behavior 
such as "the loop-erased random walk is much denser if t is divisible by 1024", 
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since the t/s might avoid those "bad absolute times". The purpose of this section 
is to show that this ridiculous behavior does not occur. 

The first step is to learn something about the distribution of the t/s. Since ti is 
a sum of the return times to some sphere, and these return times are more-or-less 
independent, we would expect a central limit theorem. We don't need something 
so precise — we shall prove below (lemma|4j a large deviation estimate of the sort 
one would expect from a Gaussian variable, and this will be enough. We start with 

Lemma 3. Let Xi, . . . , X„ be variables with the properties 

P(|X,| > A|Xi,...,X,_i,X,+i,...,X„) < Ce--^ (23) 

fc 

E(X,,---X,JX,,^,,...,XJ < []Cexp(-c min (24) 

l<m<l 

where i l24l > needs to hold only for ii, . . . ,ii all different. Then for all A < cn^^'^ 

We interpret the condition lEll in the case fc = ^ = 1 as saying EXi = for all i. 
In the case fc > 1, we call <24t a "pseudo independence" relation, because, rather 
than claiming that E J| — 0, as we would have for independent variables, we 
get that it is exponentially small in the distance, so that if the ik's are relatively 
sparse, it will be extremely small. Actually, it is possible to replace exp(— cfc) with 
any sequence with ^ < C. 

The proof is a pretty standard exercise: a calculation (which can be done either 
directly or by comparing to the case of independent exponential variables) can 
show that for fc < c^/n, 

E (^X,)^'' < (Cfcn)'= . 

Taking fc = cA^ and using Markov's inequality will give the lemma. We skip the 
gory details. 

Lemma 4. Let b e and let Rbe a random walk on T starting from b. Let C < r < 
|iV, V e and let ti be the stopping times defined by 0. Then there exists numbers 

E = E{r) K. N'^r'^-'^ and a = cr(r) « E such that 

P{\tn - nE\ > XaV^) < Ce-"^^ (25) 
for alln £N and A < cn^/'*. 

Proof The point is of course to show that the variables t^+i — ti are pseudo in- 
dependent and apply lemma |3] The first thing to note is that the distributions of 
R{ti) converge exponentially. Let qi and q2 be two distributions on dB{v, 2r), and 
denote 

— 191(2;) - 92 (a;) I . 

xeB(v,2r) 

Let Rf^, /i = 1, 2 be random walks starting from a point on dB{v, 2r) chosen with 
the distribution (7^ and stopped when hitting dB{v, 4r). Letp^ be the distributions 
on the hit points of i?^. Then 

-P2(u') = Y {qi{x) - q2{x))7T{x,w) (26) 

xedB{v,2r) 
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where Tr{x, w) is the probabihty of a random walk starting from x to hit w. Let 
c dB{v, 2r) be the set where qi{x) > q2{x), and define 

D^{w)^ ^ \qi{x) - q2{x)\TT{x,w) . 

Clearly 

D+{w) = "Y ^^Iqiix) - q2{x)\Tr{x,w) = ^e 

wedB(v,4r) x£A+ w 

and similarly for defined equivalently using dB{v, 2r) \ ^4+. Further- 

more, the inequality n{x,w) ~ j-^-d- (gee lemma |A.4> gives that D^{w) « er^^'' 
and therefore 

\D+{w) - D-{w)\ < {l-c){D+{w)+D-{w)) 
for some constant c > 0. This gives 

J2 \piH-p2iw)\=J2\D^H-D^H\ (27) 

w£dB{v,ir) w 

< (l-c)^L'+(u;) = (l-c)e 

w 

and we see that the distance between the distributions has contracted. An iden- 
tical calculation works when the random walk starts from dB{v, 4r) and stops at 
dB{v, 2r) (see the remark following lemma IaTH therefore we see that there is only 
one limiting distribution as i increases, and that the distance to this distribution 
decreases exponentially with i. In other words, if <f are stopping times defined by 
l|3 for the walks i?^ then we get 

J2\nRi{tl)^w)~F{R2{t^)^w)\<ee'" . (28) 

w 

This estimate allows to get a uniform estimate for every w and i > 0: 

|P(i?i(4) = w) - P(i?2(i-) - w)\ < Ce-" min P(i?^(if ) = w). (29) 

^t— 1,2 

Indeed, take the distributions of as the q^'s in and together with and 

tt{x,w) < Cr^-'^ get that 

\F{Ri{t\) = w)- P(i?2(i- ) =w)\< Cr^-'^e-^' . 
In the other direction, 7r(x, w) > cr^^'^ gives P(i?^(tf) — w) > cr^^"^ and we get 

To make notations simpler, let Bi be dB{v, 2r) if i is odd and dB{v, 4r) if i is 
even. Now, each t^+i — ti has an exponential distribution^, with its expectation 
being less or equal than 



Cr^ i is odd 



U^■■-{^.rd.2-d .. (30) 



^For i even, t^+i — ti has a rather large (> c) probability to be very small, of the order of r^. 
However, since there is also a probability > c to escape B{v, ^N), this fact has negligible impact on 
the moments of ti+i — ti. 
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even after conditioning on the entry and exit points. In a formula, 

P{k+i - U > XU, I R{u^) ^ yi and R{u,+i) = 2/2) < Ce"^^ (31) 

for every yi e Bi and y2 G -Bj+i (see lemmas FA.SI and lA.ll^ . 
Define the variables 

X, :^ {U+i - U - IE(t»+i - U))/Uq . 

We wish to use lemma|3lfor the X/s. To get i23l we use iSll to see that E(t,:+i — 
t») /C/q < CUjUo < C and then use ED again to get 

V{X,> X\R{U),R{t,+i))<Ce-^^ . (32) 

Denote by X the event Xi , . . . , , Xi+i , . . . , X„ and then 

F{X, > A I A-) = EP(X, > A I RiU), R{U+i),X) = EP(X, > A | R{U), 

where the expectation above is with respect to i?(<i) and i?(<i+i). This gives l l23i . 

The argument for {241 requires the convergence of the distributions. Start with 
the case of one i. Denote by y the event R{ti), R{ti+i) and by Z the event R{ti-A), 
R{ti+i+A) for some A e {0, 1, . . . }. Then 

= E {ny=^y\z)-ny = y))■m^\y = y) (33) 
<c \ny = y\z)-ny^y)\ m 

yeBiXBi + i 

where the equality i33l is due to EX; = 0. Denote by iTkiw, x) the probability to 
start from w and hit x after k moves of going from Bj to Bj+i- In a formula 

7rfc(w,x) := ¥{R{uj+k) = x \ R{uj) = w) . 

Of course, we mean that if w € dB{v, 2r) then we take j odd and in the opposite 
case we take j > even. Other than that the value of tt^ is independent of j. With 
these notations we get 

ny = iyi,y2)) = nRiU) = yi)T^i{yi,y2) 

ny - (.i,y.) I z . (z„z2)) = -A(zi,yi).i(yi,y.).A(....) 

7r2A + l(^l, Z2) 

so 



\ny ^ y\2 ^ z) - Viy ^ y)\ < n,iy,,y2)i^V{R{U) ^ y,) - 7rA{zi,y,)\ + (35) 

TrA{y2,Z2) 



1 



TTA (21,2/1) 



7r2A+l(2l,-Z2) 

Summing over y the first half of <35t we get 

E 'ri(2/i,y2)|F(i?(i^) -2;i)-7rA(zi,2/i)| = (36) 
yi,y-2 

= J2\nRiU) = yi)-7rA{zi,yi)\<2e-^^ 
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where the last inequality is due to the exponential convergence of the distributions 
in the form i28i — take qi to be the distribution of -R(ii-A) and q2 = S^^i} (the 
distance between any two distributions is always < 2). For the second half of <35> , 
we use the form J29t for and get, under the assumption A > 0, 



^ T^A{zi,yi)TTi{yi,y2) 



< 



'^2A+lizi, Z2) 

<Ce-=^ ^ ^A(^i,yi)7ri (2/1,^2) = Ce"^^ . (37) 

We used here ll29l with qi = Sjy^j and q2 the distribution of -R(wj+A+i) | R{uj) = zi 
for the point Z2- Using i36l , i371 and i35^ in iSll gives 

E(X.|^(i^-A),i?(i^+i+A)) < Ce-=^ . (38) 

(the case A = doesn't follow from the argumentation above, but can be deduced, 
say, from Oil)- 

With i38i . proving <24t is easy. Let ii, . . . , z; be some integers, all different, and 

let 

1 



Z \ l<m<l 



SO that the intervals ]ij — A^ ,ij + 1 + Aj [ are disjoint. Let X be the event 

RiUi-Ai), RiUi+i+Ai), • ■ ■ , R{tik-Ai,), RiUk+i+Ak) ■ 
Then conditioning by X the events are independent so we get 

k k 

E{x,, • • • A-) = n I - n ^(^^ I ^(^..-A,), i?(t.,+i+A,)) 
j=i j=i 

< TTCe""'^^ < TTCexp(-c min |ij-i,„|) 

l<m<l 

which immediately gives since 

E(Xi^ ■ ■ • I Xi^^-^ , . . . ,Xii) = 

= E{E{X,,---X,,\X)\X,,^,,...,X,,) < 

( ^ 

<E TTCexp(-c min |ij -i,„|) X^ . . . ^X^ 

\ l<m<l 
fc 

= TT C exp(-c min |ij - 

l<m</ 

with and established we can invoke lemma|3|and get 

P(|t„-Et„|>A[/o)<Ce-^^' . 

Lemma|3]now follows since shows that E<2i+i — ^21 converge exponentially to 
some E'even and Ei2i+2 — ^21+1 converge exponentially to some E'odd so 

|Et„ — ni(£'even + -Eodd)| < CUq 



LOOP-ERASED RANDOM WALK ON A TORUS IN DIMENSIONS 4 AND ABOVE 



17 



and for A < C\fn this translation affects only the multiplicative constant. There- 
fore taking E = i (Seven + Eodd) ~ N'^r'^^'^ and a = Ua ~ E we are done. □ 

Lemma 5. Let b e and let Rhe a random walk on T starting from b. Let r < ^N, 
V g T^. Let t lENbe some time. Then 

P(LE(i?[0, t]) n B{v, r) > A/(r)) < Ce'''^ VA > (39) 
where f is defined by ( 071 . 

Proof. Let A > be some number. We note that we may assume t < XN'^^'^ since 
in time XN'^^'^ the probability to hit 6 is > 1 — Ce~'^^ and in this case the process 
starts afresh, memoryless. Let ti be stopping times defined by Let E and a be 
defined by lemma|3]so that i25l holds. 

The first case is A > Ci log r for some Ci sufficiently large. This case is uninter- 
esting for the following reason: lemma |3| gives that for some C2 sufficiently large, 
if n = [C2Ar'^-2J ^^en P(i„ < t) < Ce^"^. Let k := niax{Z : U < t}. If k is even 
then LE(i?[0, t]) n B{v, r) C LE(i?[0, tk]) B{v, r). If k is odd then 

#((LE(i?[0, t]) \ LE(i?[0, ife])) n B{v, r)) < tk+i - U 

and this variable has the estimate M6\ so it is uninteresting. Therefore it is enough 
to calculate the loop-erased at the times tk ■ We get 

P(#(LE(i?[0, t]) n B{v, r)) > A/(r)) < 

71 

< Ce--^ + J2 P(#(LE(i?[0, tk]) n B{v, r)) > iA/(r)) < 

< Cne""^ < Cr'^-'^Xe-'^ < Cr-^-^g-cA < ^^d-2-cC^ ^~c\ ^ 

(of course, all c's in the last line are different). This shows that for Ci sufficiently 
large — namely, (d — 2)/c where c is the last c on the last line above, <39t holds. 
Thus this case is proved. 

Therefore we shall assume that X < C log r. Let ni be defined by 

:— max{?i even : t — nE > Xa\/ri} 

Ui min{?i : t — nE < —Xcj^/n} 

Note that 

nt -n^ < CXy/t/E < CN"^^^ X^^^V^ . 

Let £1 be the event |<^-—?ij^i?| > Xa^Jn^ or \t^+—niE\ > Xayjn^. Lemma|3|gives 

us that P(£i) < Ce-"^^. We note that under ^£1 we can "locate" t, t^- < t < 

and the interval is not very large, — t^^- < CN'^X^/'^\/r^^. Let E2 be the event 

#LE(i?[0,i„i])nS(u,r)) > A/(r). Lemma |2 gives us that P (£2) < Ce-"^. 
We continue to define a short sequence of ri^ inductively: 

:= max{n even : t — tj^- — nE > Xa\/n} 

n'j' := min{7T, : t — tj^- — nE < —X(T\/n} 

k=l 
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Unlike rii which are just numbers, , j > I are events depending on R[0, tj^- ]. 

Define £21-1 to be the event |t^± — t\ > Xa^Jnf (as before, we mean that either 
happens). Again, we get P(£2i-i) < Ce^^^. Under ^(£1 Ufa U • • ■\J£2i~a.) we have 

4 < c'"'"- < c'"--''"-- 9 C«A— '^V-'^^('^-) (40) 
E - E - ^ ' ^ ' 

(the use of is inductively, for z — 1). The addition of -^£21- 1 gives f^- < < < 

and 

- V < Aa + f C(z)iV'^A2-^-V(i-2-')(^-'^) . (41) 

To use lemma|5J we need to define an auxiliary walk R' , 

R!,{u) = R{u + t^-J Rf^ : {-tj,-_^, ...,t~ t^-J ^ T. 

In other words, we consider the part of the walk until tj^- as fixed, and the part 
from tjy- to t as the probabilistic part. Of course, the stopping times t'^ corre- 
sponding to R'^ are simply t'j = tj^- ^j. The fact that is even means that 
i?-(0) ^ B{v, 2r) and then lemma|2lwill give that 

£2^ ■■= mUnB{v,r))>Xf{r)} (42) 
:= U^+{R[[-t^-_^,tj,-~t^-J) (43) 

Note that we have now defined all the exceptional events £1: the even ones are J42> 
and the odd ones have been defined slightly above. 

When we said that the series nf is short, we meant that we shall take it until / 
defined by 

'2 d>l 

3 d=5,6 

where e is from Mil , which we consider as a constant, so / < C. In particular 

V{£i U • • • U fsi) < Cle-"^ < Ce-"^. 

The reason for this selection of / is that with this / it is possible to do a simple 
estimate of the path between t^- and t. For any i we have 



Nt -Nr < CXjit - t^- , )/E < CXj{t^+ -t^- )/E 



V ^i-l'^' V '■-1 

(remember that A < C log r) and for / this gives 

Nf - NY < Cf{r)r-^ . 
Therefore we may use l ll6t Nf — NY times, to get 

N+ 

J2 tj+i - h > ^fir)) < Ce-^^ (44) 

j odd 
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which of course bounds also #(LE(i?[0, <]) n r)) - #(LE(i?[0, tj^-])n B{v,r)). 
Finally, the definitions of R^, LE, LE+ and Li give 

LE(i?[0,t^-]) C ii U L2 U • • • Ui/ 
and assuming ^(£2 U £4 U • • • U £21) we have from that 

#{LE{R[0,t^-])nB{v,r)) < I\f(r) < C\f{r) 
and with Il44> we finally get 

P(#(LE(i?[0, t]) n B{v, r)) > A/(r)) < Ce'^^ . 
and the lemma is proved. □ 

Remark. By now the reader would not be surprised to learn that here too, if one 
is willing to let go of a log factor then the proof gets much simpler. Indeed, the 
arguments used for the case A > C log r can be used for any A to get this result, 
and for this case one does not need the precise estimates of lemma |3| either, and 
the entire section may be reduced to half a page. 

Theorem 3. Let b e and let Rbe a random walk on T starting from b. Let t e Nbe 
some time. Then 

P(LE(i?[0, t]) > XfiN)) < Ce-"^ VA > 
where f is defined by i l2Tt . 

The theorem follows from lemmalSjlike theoremQlfollows from lemma|2l(cover 
T by balls etc.) and we shall omit the proof. 

4. The lower bound 

We will use the concept of a cut time 

Definition. Let i? be a random walk on a graph, possibly with a stopping condi- 
tion. A time t is called a cut time for R if R[0, t]n R]t,oo[ = $. 

Clearly, if Hs a cut time then R{t) e LE(i?). Further, all i?(ti)'s for different cut 
times ti are different. Therefore it is possible to estimate the length of a loop-erased 
random walk by counting cut times. 

Lemma 6. Let d> 5. Let Rbe a random walk on of length Lfor some L = eN^^^, e 
sufficiently small and N > Na{e). Let X be the number of cut times of R. Then 

EX > cL YX < Ce^L^ . (45) 

As usual V denotes the variance, i.e. YX := EX^ - {¥.Xf. 

Proof. Denote by Ei the event that t is a cut time. Easily, 

t L 

si=a S2=t+i 

Now for |si — 1| < N this is identical to the equivalent problem on Z"* which is well 
known (see |L96|) so we get 

¥{R[ma.xO,t~ N,t]nR]t,mmL,t + N] 7^ 0) < 1 - c . 

For other Si we use the easy 

P(i?(5i) = i?(s2)) < Cmm{N^, \si - 52I}"''/' (46) 
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to get 

1 - ¥{Et) < 1 - c + Ce^ + CN'^-'^/^ 

therefore for e sufficiently small and N sufficiently large we get V{Et) > c which 
gives the first part of J45> — KX > cL. For the second part, we examine the 
covariance of Et^ and Et^ for some ti < <2- Denote t = [^(^i + ^2)] and 

E[=V{R[0,ti]n]ti,t\=(l)) E!2^F{R[t,t2]nR]t2,L]^(l}) . 

We note that E[ and E2 are independent and therefore cov E[,E2 = 0. On the 
other hand, summing <46> we get 

ti L 

\¥iE[)-V{Et,)\<P{R[0,h]nR[t,L]^(l}) < ^ ^ Cmin{7VMs2 - 

Sl=0 S2=t 

<cf2\t- ^r^''^' + e^"''/' < C{\t2 - h\^-'"^ + e") 

si=0 

SO we get the same for the covariance of Et-, 

COY Et,, Et, <C\t2-tif-''^^ + Ce^ . 

Summing these for all t/s we get the second half of the lemma. □ 

Lemma 7. Let d> 5. Let b e and let Rbe a random walk on T starting from b. Let 
ten,t> N'^/'^ and A > N-^'^. Then 

P(#LE(i?^[0,i]) < \N'^'^) < C\ 

Proof. We may assume without loss of generality that A < c for some constant. Let 
Ci be some constant which will be fixed later. Define 

u:=t-Ci\N'^'^. 

(we assume here A < 1/Ci, as we may). Denote by X the number of cut times 
in the segment [u,t\. Lemma |6l shows that EX > c{t - u) = cCiXN'^^^. Pick Ci 
sufficiently large such that EX > 3XN'^/'^. Lemma |6l also gives < CX*N'^^^ 
and then 

F{X < 2\N'^/^) < CX^. 

Next we want to estimate 

P(LE(i?[0, u]) n R[u + N'^A] ^ 0.) 

Define Y = #{LE(i?[0, u]) n R[u + iV^i]}. If we assume # LE(i?[0, u]) < fiN'^/'^, 
then because R{u + iV^) is distributed w uniformly on T we get 

E(r |#LE(i?[0,u]) < /iTV^/^) ^ N-'^{^LE{R[0,u])){t ~ u ~ N^) w ^A 

(this is the only place we use the assumption A > iV^^/^). Without the assumption 

# LE(i?[0, u]) < nN'^/'^ we get 

OQ 

EY <J2 LE(i?[0, u]) < fiN"^^^) • E(y I # LE(i?[0, u]) < (/^ + l)N'^/^) 
00 

< J2 Ce-'"'fiX < CX 

M=0 



LOOP-ERASED RANDOM WALK ON A TORUS IN DIMENSIONS 4 AND ABOVE 



21 



and hence P{Y > 0) < CA. Under the assumption Y — every cut point of R[u, t] 
above u + is in LE(i?[0, t]) and the lemma follows. □ 

Proof of theorem^ Let R' be a random walk starting from b with no stopping con- 
dition. Define events 

X{v, t) = {R'{t) = vhv ^R'[Q, t[} 

y{v,t) = = i;A#LE(i?[0,i]) < XN'^'^}. 

Now, P(A'(w, t)) is simply the probability that a random walk reaches its end 
point for the first time, or equivalently by symmetry, the probability that it never 
returned to its starting point, therefore it is easy to calculate 

Next, for t > N'^^^, lemma|7|gives 

J2 ^y{v, t)) <C\ yt> 

Finally, note that 

oo 

^P(A'(i;,t)) = 1 VveT. 

t=o 

With these three facts we get, for any parameter /i > 0, 

J2nx{v,t)\y{v,t))> 

t,v 

>^'- E+ E E^w^'*))- E Ew^',t))> 

\t=0 t=tiN'i/ veT t=N''/'^veT 

Picking /i = C log A for some C sufficiently large will prove the theorem. □ 

4.1. Remarks on alternative approaches. The first alternative approach to the 
proof of the lower boimd is as follows: prove a conditioned version of lemma 
|6l namely 

Lemma. Let b and e be two points on with \b — e\ > cN. Let Rhea random walk on 
Tfj of length Lfor some L = eN'^^'^, e sufficiently small starting from b and conditioned 
to end at e. Let X be the number of cut times of R. Then 

EX > cL YX < Ce^L'^ . 

This lemma allows to prove a version of theorem |2l for any points far enough, 
not just two random points. Further, it allows to avoid the need to use absolute 
times, and just work directly with the times ti for some arbitrary ball. In other 
words, to show that the loop-erased random walk from 6 to e is long with high 
probability, define an arbitrary ball B, show that at the stopping times ti corre- 
sponding to B the entire loop-erased random walk is quite small (this is quite 
simple) and then show that the random walk from the last ti to e has many cut 
points using the lemma above. 
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The proof of this lemma requires no new ideas when compared with lemma |6l 
However, it is very technical, and quite long, which is the main reason we chose 
the approach above. In some sense we do not consider the length of section|3]as 
an indication that the approach we chose is more complicated because the result 
(theorem |3) is trivial if one can afford to lose a log factor (and also because the 
result is quite natural). 

Another approach is the use of the uniform spanning tree and Wilson's algo- 
rithm (see IW^ ). Roughly, one might hope to show that the loop-erased random 
walk is long by constructing an appropriate partial UST, and then showing that 
the random walk R starting from some point b and stopped on the partial UST is 
not too long (therefore no complicated self interactions, as in lemma |6j and not 
too short, so LE(i?) can be proved to be long. Since the loop-erased random walk 
from h to some other point e (say inside the partial UST) contains LE(i?,), this will 
be enough. Alternatively, one can take two random walks R and R' starting from 
b and e respectively and stopped on the partially constructed UST, and calculate 
the probabilities that at least one is long and that they do not intersect. Both ap- 
proaches allow to generalize theorem|2|from a random end point to any end point 
(naturally, if h and e are very close then with positive probability the loop-erased 
random walk from & to e is short. However, one can show that there is a positive 
probability for the loop-erased random walk to be long, i.e. ~ N"^/"^). 

A third strategy using the UST is as follows. Notice that the harmonic mea- 
sure on a partially constructed UST is roughly imiform — this follows since the 
escape probabilities from a t3^ical small ball are positive. If one wants to estimate 
the probability that the loop-erased random walk between b and e is < AiV*/^, con- 
struct a partial UST containing b up until its size is « [1/ X)N'^/'^ , and then estimate 
that the number of vertices in the tree with distant < XN"^/"^ from 6 is w XN'^^^ , 
so the harmonic measure is ~ A^. This approach gives (in addition to the fact that 
e may be arbitrary) stronger estimates than the A log A^^ of theorem|2 — formal- 
izing these arguments we were able to show P(# LE(i?) < XN'^^^) < CX^ log A^^, 
and we believe that the true value is, as in the case of the complete graph, A-^ . The 
difference between AlogA^^ and A^logA"^ is significant in the following sense: 
the weaker estimate does not prove that the UST has a true branching nature: 
even points that are distributed linearly along a path of length N'^/'^ satisfy the 
requirement that P(LE < XN"^/"^) < CX. However, the estimate A^logA^^ allows 
to deduce non-trivial facts about the branching structure of the UST. 

None of these methods work in dimension 4, and the culprit is always the same: 
in dimension 4 our methods do not show that within the mixing time the proba- 
bility of hitting the loop-erased random walk is small. In other words, to get a 
lower bound for dimension 4 one must either show a very precise upper estimate 
(not much different from the conjectured precise value) or alternatively show in- 
directly that the mixing time is smaller than the hitting time of the loop-erased 
random walk. 
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Aa{z) = 



Appendix A. Proofs of known and unsurprising facts 

The harmonic potential on Z'^, d > 2, is the unique bounded function a satisfy- 
ing 

'l z = 
otherwise 

and a(oo) — where A stands for the discrete Laplacian. It is well known (see 
e.g. |L96, theorem 1.5.4] ^ or |KS, theorem 5]) that a{v) = + 0{\v\-'^). 

Lemma A.l. Let Bi = B{xi,ri) C B2 = B{x2,r2) C T^, r2 < Cin. Let v £ 
B2 \ Bi satisfy d{v, dB2) > c\r\. Let Rhea random walk starting from v and stopped 
on dBi U 9-82- Let p be the probability that R hits dBi. Then p > c(ci , Ci). 

We assume here that a ball (e.g. B2) satisfies r2 < i.e. it does not wrap itself 
because we are on a torus. This assumption holds for all balls in this appendix, 
and we will not repeat it. 

Proof. Clearly, we may assume ri is sufficiently large in the sense that ri > C{ci,Ci). 
Since we are dealing with a process completely inside B2, we may assume we are 
in Ij'K Assume first that \xi — v\ < ^d{xi, dB2). Since ai{v) :— a{v — xi) is har- 
monic on B2\Bi, fli (R) is a martingale, and if we define r to be the stopping time 
on dBi U dB2 then we get ai{v) = Eai(i?(T)), so 

ai{v) = pE{ai{R{T)) \ R{t) E dBi) + (1 - p)E{ai{R{T)) \ R{t) e SSa) 

< par^-'^il + 0(1)) + (1 - p)ad{xi,dB2y''^{l + o(l)) (47) 

(the 0(1) notations are as ri ^ 00 and may depend on ci and C\) and from ai (v) = 

a\xi — v\'^^'^{l + 0(1)) we get 

P>'--7r"'^"''^^^^"'(l + ^(l))>c (48) 
r2-'^-d(xi,aS2)2"'^ V V - V ; 

for ri sufficiently large. In the case \xi — t;| > ^d{xi,dB2), we can find a se- 
quence of balls B{yn,Sn) of length < C(ci,Ci) and each s„ > c(ci,Ci)ri such 
that \yi - v\ < \d{yi,dB2) and Vu; G dB{yi,Si), jy^+i - w\ < \d{yi+i,dB2). No- 
tice that this is possible because d{v, dB2) > ciri. The previous case now gives 
that the probability that the random walk, after hitting B{yi,Si) will continue to 
B{yi+i,Si^i) is > C2(ci, Ci). Since it needs to perform only C(ci, Ci) such steps in 
order to hit Bi, we getp > C2' — C3(ci, Ci). □ 

Lemma A.2. Let B{xi,ri), B{x2,r2) be two balls, r2 < Ciri and \xi — X2\ < Ciri; 
and let v ^ B2U Bi satisfy d{v, B2) > cir2- Then p > c(ci, Ci) where pis as above. 

Proof. Assume first that d{v, Bi) < ^d{B2,Bi) where d{Bi,B2) stands for the dis- 
tance between the two balls in the usual sense. Let B'^ be the sets Bi considered as 
subsets of Z''' and let Si = B[ + NZ'^ i.e. Si is the preimage of Bi by the quotient 
map Z"^ — + T^. Let R! be a simple random walk on Z'^ starting from v (we consider 
V and the i?i's as subsets of Z'^ as well, say by locating them in [0, TV]''). Then 

p = P(i?' hits Sy before 5*2 ) > P(i?' hits B^ before 5*2 ) > 
> P(i?' hits Bx before dB{xx,rx + d(Si, B2))) > c 



^ IL96I only shows a(v) = + Odril" but this is completely sufficient for our purposes. 
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where {*) comes from the same harmonic potential arguments as (|47^ - <48> . 

we have both 

div,Bi) < {2Ci + 2)n 
d{v,B2) > cin 

then the same ball-sequence argument as in the previous lemma gives p> c; 

If d{v, El) > (2Ci + 2)ri, let r be the hitting time of S3 := B{xi, (2Ci + 2)ri), 
then 

p = EP(i?' starting from R{t) hits Bi before S2) > Ec = c (49) 

where here R' is a simple random walk on (differing from R only by the start- 
ing point), the expectation E is over the distribution of R{t) and the inequality 
comes from the previous two cases. 

Finally, if d{v, B2) < ciri define r the hitting time of B4 := B{x2, ci^i). The har- 
monic potential at X2 with a calculation similar to l47> -<48> shows that the proba- 
bility to hit B4 before B2 is > c. After hitting B4 a calculation similar to | |49> gives 
that p>c. □ 

Lemma A.3. Let d{B{xi,ri), B{x2,r2)) > ciri, 7-2 > ciri and \xi — X2I < Cir2; and 
let V e dBi. Let Rbe a random walk starting from v and stopped on dB2 U {xi}. Let p 
he the probability that R hits xi. Then p w r\^'^. 

In the formulation of the lemma, and in its proof, all constants implicit in the w 
signs might depend on ci and Ci. 

Proof. Let B^ = B{xi, ^ri). Define stopping times ti similarly to as follows: 
to ■= and 

t2^+l ■■= {t > t2^ : Rit) G OB^) 

t2^ {t > t2,-i : R{t) e dBi U {xi}}. 

Define also r the hitting time of dB2. The usual harmonic potential calculations 
(use the harmonic potential around xi) show that the probability of a random 
walk starting from any v € 9i?3 to hit xi before exiting Bi is ~ r\~'''. Hence, 
P(i?(t2i) = xi\R{t2i-i)) < Cr\^'^ . Lemma [A.2l shows that a random walk starting 
from any point in dBi has probability > c to hit B2 before hitting B^. Therefore, 
the probability to get ti > t decreases exponentially in i i.e. P(t2i < t) < Ce^'^* 
and hence 

F{R{t2i) = xi and ta* < r) < Ce'^Wj-"^ 

so 

00 

P < X^lPC^CWi) = xi and t2^+l <t)< Cr\-'^. 

1=0 

The inequality p > cr\^'^ follows easily from ||47}-J48| for the harmonic potential 
at xi and the requirement d{Bi,B2) > c^rx. □ 

Lemma A.4. Let \v\ < {l—ci)randw G dB{0,r). Then the probability p that a random 
walk starting from v will exit B in w is w r^^''. Without the restriction \v\ < (1 — ci)r 
one has p < C{r — |f l)^^'^ 

In the formulation of the lemma, and in its proof, all constants implicit in the « 
signs might depend on ci. 
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Proof. In Z,'^, d > 2, the probability of a walk starting from v to never return is > c. 
Hence the probability to hit dB{Q, r) before returning to u is > c, and this event is 
identical on 1/^ and on the torus. The symmetry of the random walk shows that p 
is « to the probability that a random walk starting from w will hit dB U {u} in w 
(the quotient is exactly the probability of a random walk starting from v to return 
to V before exiting dB, which, as we just discussed, is ~ 1)^. This probability 
can be calculated in three steps as follows. First, the probability of a random walk 
startingfrom w tohit 95(0, |r+i|i;|) is « [i — this uses an argument similar 

| |47I -||48> using the harmonic potential a at 0, but here we need the precise estimate 
a{x) ^ |a;|2-'' + 0(|x|-'')oratleasta(a;) = |a;|2-^ + O(|2;|i-^0 (see, e.g. |K87 lemma 
3] for a detailed version of this calculation). Next, if |w| < r(l — ci), use lemma IXTI 
to show that continuing from any point on dB{0, |r + ^\v\) the probability to hit 
B{v, ^{r — \v\)) is w 1 — if \v\ > r(l — ci), we only estimate that this probability is 
< 1. Finally, the same J47> -l l48t argument with the harmonic potential at v shows 
that starting from any point on dB{v, i(r — the probability to hit v before 

hitting dB is w (r - \v\)'^-'^. □ 

A similar calculation works when (l + ci)r < ||w|| and p is the probability the 
random walk will hit B in w, using lemma lA. 21 instead of lemma lA . 1 1 and lemma 
IA.3l in the third step. 

Lemma A.5. Let v G B{0, r) c -B(0, 2r) c T^. Let Rhea random walk starting from 
V and stopped on dB{0, 2r). Let be a random walk starting from v and conditioned to 
hit dB{0, 2r) at a specific point x. Then R n B{0, r) !^ R^n B{0, r) where ~ means that 
the probabilities of any event are equal up to a constant. 

Proof. Let t be the last time when R{t) e _B(0, r). Let w — R{t). For any w, the prob- 
ability of an (unconditioned) random walk starting from w to hit -6(0, 7-)u9i?(0, 2r) 
in dB{0, 2r) is « r^^. The probability to hit x is « r^''. This independence from w 
finishes the lemma. Both estimates are easily proved as in the previous lemma. □ 

Lemma A.6. Let Rbea random walk starting from v e B{0, r) and let w e 5(0, r). Let 
t > r^. Let p be the probability that R[0, t] c B{0, r) and R{t) = w. Then 

p < Cr-'^e-"*'"' . 

Proof. Starting from any v e B{0, r), after steps the random walk has probability 
> c to exit B{0, t). This shows, clearly, that the probability that i?[0, t—r^] C B{0, r) 
is < Ce~'^*^ ' . For any x e i?(0, r), the probability that a random walk R' starting 
from X satisfies R'{r^) = w is < Cr^'^. □ 

Lemma A.7. Let v e B{0, r) and let Rbea random walk starting from v and stopped on 
dB{0, r). Let w e dB{0, r). Then the probability p that R hits w satisfies 

p < Ci\v - w\^-'^ . 

Proof. Denote s — \v — wl. We shall prove the lemma using an induction process 
that assumes the lemma holds for 1, . . . , is and proves it for is + 1, . . . , s. 

Denote d{v, dB{0, r)) — es. The first thing to note is that the lemma holds if 
e > c with no need for induction (in the sense thatp < C2{c)\v — w\^^'^), due to the 
second part of lemma Ia!4I 



When we say "hit" we mean at time > 0, so that these probabilities are not simply 1. 
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It is for the case of small e that we need the induction process. Let S — a log^^ e~ 
for some ci which will be fixed later. Let 

D:^ B{0,r)\B{0,r^Ss) 

E : = DnB{v,^s) . 

Examine the exit probabilities of R from E. Let p2 be the probability that R exits E 
at dB{0, r-Ss)r] dE. Then 

P2 < P(i? exits D at dB{0, r - 6s)) < Ce/5 

where the second inequality comes from the harmonic potential at zero. Let be 
the probability that R exits E at dB{v, ^s) n dE. It is easy to see that for any x e D, 
the probability that R exits B{x, 26s) without hitting dD is < 1 — c. Therefore 

P3 < (1 _ c^{s/2)/(2Ss) ^ g-cc-i loge-i 

Therefore for ci sufficiently small we would get ps < e. Together these two give 

P2 +P3 < Celoge"^ . 

Since E n B{w, ^s) = we get that the probability of R to hit dB{w, ^s) before 
exiting i?(0, r) is < Celoge^^. The induction assumption gives that the probability 
to hit w after hitting dB{w, ^s) is < Ci{^s)^^'^. Therefore 

p<CiS^^'^ ■ {C2'^-h\oge-^) . 

For e < C2 this will be < Cis^^'* and this case is finished too. The lemma is now 
finished because for e < C2 the induction process works for any Ci, and for e > C2 
the first case allows to define Ci C2(c2). □ 

A similar calculation works when v is outside B{0, r), and the random walk is 
stopped when hitting i?(0, r) and the conclusion is p < CniinU?; — w|,r}^^'^. 

Lemma A.8. Let v e B{0, ^r) and w e dB{0, r). Let Rhe a random walk started from 
V and conditioned to exit B{0, r) in w. Let t be the exit time. Then 

Proof. We may assume A > 1. Let R' be an unconditioned walk starting from v. 
Let 

Ar, - {B{w, 2") \ B{w, 2"-!)) n 5(0, r) . 
Lemma [A . 61 shows that 

P(i?'[0, \r^] C 5(0, r) and R! {\r^) e A,,) < C#A„r-'^e-"^ . 

Lemma fA.ZI shows that for every x £ An, the probability of a random walk starting 
at X to exit B{0, r) at w is < C2"(i-'^). Therefore by lemma lAiSl 

P(i?'[0, Ar^] C B{0, r) and R'{\r^) G A„ and R' hits w) < 

< C(#A„)2"(i-''V~''e-"^ < Cr-''2"e-"^ 

and we get 

[log rj 

P(i?'[0, Xr^] C B{0, r) and R' hits w) < Cr^-'^e-"^ ^ < Cr^-'^e-"^ . 

Tl=l 

Since the probability of i?' to hit w is > cr^^'^ (by lemma IX!^ , we are done. □ 
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Lemma A.9. Let Xi he events with a past-independent exponential estimate, namely 

> A£; I . . . , Xi) < Cie-^i\ 

Then 

As usual, C, c and all constants in the proof might depend on Ci and ci . 

Proof. Clearly we may assume E ~ \. Let Yi be i.i.d variables with Yi ^ €2(1 + G) 
where G is a standard exponential variable (namely with density e^*) and C2 is 
some constant sufficiently large such that P(yi > A) > min{l, Cie^^^'^}. A simple 
induction now shows that 



^ X, > An] < P {Y^ Y, > A 



and the sum of the Yi has the distribution C2 {n + T) where F has density e {n-iy. ■ 
A simple calculation shows that P(r > An) < Ce^'^'^. □ 

Lemma A.IO. Let v g T^, and let Rbea random walk starting from v going to a length 
of CiN'^r'^^'^ for some Ci sufficiently large. Then 

P{Rhits B{0,r)) >^ \fveT^. 

Proof. Define S to be the preimage of B in Z''- (namely B + NU^) and let R' be a 
random walk of on 1/^ starting from some preimage of v. Then 

P(i? hits B(0, r)) ^ P(i?'[0, N'^r^-'^] n 5" 7^ 0). 

Define stopping times as follows: to = and for every i let be the element of 
NH^ closest to R{ti). Define inductively 

U+i = min{i > U : R{t) G dB{z„r) U dB{z,, 27V)}. 

Since d{R{ti),Zi) < N then using the harmonic potential at shows that 

P(i?(t,+i) eS)> ¥{R{k+i) e dB{z,,r) > c{r/Nf-^ 

independently of the value of R{ti). This immediately gives that, for C2 suffi- 
ciently large 

P(i?[O,ic.(JVA)-^]n5 = 0) < (^l-c(-) j <-. (50) 

On the other hand, it is easy to see that P(ti+i —t^ > XN'^ ) < Ce^'^^ independently 
of the past, and using lemma IaT9I we get that P(i„ > XnN"^) < Ce^'^^. Using this 
for 71 = C'ziN/rY^^ and A sufficiently large we get that 

P(i„ > CN'^r^-'^) < i. (51) 
l l50l and l|5l} together show that the C in JSl} may serve as our Ci . □ 

Lemma A.ll. Let v e dB{0, 2r) and w € dB{0, r). Let Rbe a random walk started 
from V and conditioned to hit B{0, r) in w. Let t be the hitting time. Then 

P(i > XN'^r^-'^) < Ce-"^ . 
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The proof is identical to that of lemma lA.SI with the use of lemmas I A . 41 and | A . 71 
replaced by the comments following them, respectively, and using lemma lA.lOl 
to show that the probability to not hit a ball of radius r after XN^r'^^'^ steps is 
< Ce^'^'^ and hence the equivalent of lemma Ia!6I We omit the details. 
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